Introduction. A completely continuous representation of a locally compact group G is a unitary representation T oí G for which the operator Tb is completely continuous whenever b is an element of the group C*-algebra C*(G). We have also that, with respect to the norm operator topology, F[lío)1 is dense in the set Tuna)] which in turn is dense in the set F[c'(G)]. (Here "L(G)" is the linear space of all continuous complex-valued functions on G with compact support.) Further, it is known that, if T is an irreducible completely continuous representation of G, the set T[c*(on is precisely the algebra of all completely continuous operators on the Hilbert space H(T). (See [4] .) Investigation of completely continuous representations has been fruitful because, first of all, such representations are more easily analyzed, and secondly, a large class of groups (CCR-groups
[2]) satisfies the condition that each of their irreducible unitary representations is a completely continuous representation.
The algebra A oí all Hilbert-Schmidt operators on a Hilbert space is dense in the algebra of all completely continuous operators on that space. Therefore, it was natural to inquire what simplifications arise if one requires that a completely continuous representation of a group G should map either the set L(G) into the space of all HilbertSchmidt operators or the set Ll(G) into the space of all HilbertSchmidt operators. In this paper we show that too much simplification occurs in the latter case. In fact, if T¡ is a Hilbert-Schmidt operator whenever/ is an element of L1(G), then T must be finite dimensional. (See the theorem below.)
In the first case mentioned above, the simplifications, if there are any, are more elusive, and we shall return to this question at the end of the article. We single out this definition from representation theory because, in the course of the proof below, the continuity condition here is heavily exploited. Let T be a unitary representation of a locally compact group G for which T¡ is a Hilbert-Schmidt operator whenever f is an element of Ll{G). Then T is finite dimensional.
Proof. Assume that [v"] is an infinite orthonormal sequence in H{T). With this assumption, we shall define a sequence [(«*, Wk, Uk, fk)] of quadruples, where [nk] is an increasing sequence of positive integers, wk = ví,n¿), [Uk] is a sequence of neighborhoods of the identity e in G, and/* is a multiple of the characteristic function X(uk) of the neighborhood Uk-We will then show that/= X*°-i/* is an element of Ll{G) such that T¡ is not a Hilbert-Schmidt operator. Thus let e be a positive number which is less than one, and, for each positive integer k, define ak to equal {l/k)lli -(1/(k + l))lli.
Let «i = l, Wi=vu Ui be a neighborhood of e with finite measure such that, for each element y of U\, Define W(*+i) to be »(»(t+1)); define U^d to be the intersection of Uk with the set of all elements y in G such that re{Tv{wlk+i)), w(i+i>) > t; finally define /(*+d to be {a(k+i)/MU(k+u))x(u{k+1))-This completes our inductive definition. Remark 1. For each positive integer k, ||/*||i = a*. Hence/= ¿Zt-ifk is an element of Ll{G), and ||/||i = l. Notice also that 2*°-»°* »tt/(»+l))i/». Proof. This follows from the theorem since the product of HilbertSchmidt operators is again a Hilbert-Schmidt operator.
Corollary 3. If a unitary representation T of a locally compact group G satisfies T¡, is a Hilbert-Schmidt operator whenever b is an element of C*{G), then T is finite dimensional. « Of course this is well known in case T is irreducible. If T is not irreducible, the result is less obvious since one can construct a normclosed subalgebra A of the algebra B{H) of all bounded linear operators on an infinite dimensional Hilbert space H such that each element T of A has one dimensional range, hence is a Hilbert-Schmidt operator, but for which the union of the ranges of the elements of A is all of H. This corollary asserts that such a subalgebra of B{H) cannot occur as the image of a group C*-algebra.
We turn now to the question mentioned in the introduction of what happens if we require only that a unitary representation T of a locally compact group G carry each element/of L{G) onto a HilbertSchmidt operator. The following propositions indicate the striking difference between this case and the one dealt with above. They demonstrate the existence of many infinite dimensional unitary representations which map L{G) into the class of Hilbert-Schmidt operators.
Proposition
1. If G is a compact abelian group, R is the left regular representation of G, and f is an element of L{G), then Rj is a HilbertSchmidt operator on L2{G).
